After reduction techniques, two-loop amplitudes in N = 4 super Yang-Mills theory can be written in a basis of integrals containing scalar double-box integrals with rational coefficients, though the complete basis is unknown. Generically, at two loops, the leading singular behavior of a scalar double box integral with seven propagators is captured by a hepta-cut. However, it turns out that a certain class of such integrals has an additional propagator-like singularity. One can then formally cut the new propagator to obtain an octa-cut which localizes the cut integral just as a quadruple cut does at one-loop. This immediately gives the coefficient of the scalar double box integral as a product of six treelevel amplitudes. We compute, as examples, several coefficients of the five-and six-gluon non-MHV two-loop amplitudes. We also discuss possible generalizations to higher loops.
Introduction
Recently there has been renewed interest in the perturbation expansion of N = 4 super Yang-Mills. This was motivated by the discovery of a twistor string theory [1] that captures the perturbation theory of the maximally supersymmetric Yang-Mills theory (pMSYM).
Twistor string theory has opened new avenues and has inspired new ideas for the computation of tree level amplitudes of gluons [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and one-loop amplitudes of gluons in QCD [20, 21, 22] , N = 1 [23, 24, 25, 26, 27, 28, 29] and N = 4 [30, 31, 32, 33, 34, 35] super Yang-Mills. Before twistor string theory was introduced, the study of pMSYM at one-loop was mainly motivated by two facts: one is the decomposition of a QCD amplitude, A QCD , with only a gluon running in the loop in terms of supersymmetric amplitudes and a scalar A scalar (see [36] for a review),
where A N =4 has the full N = 4 multiplet in the loop and A N =1 chiral only an N = 1 chiral multiplet. The other motivation is a surprising proposal of Anastasiou, Bern, Dixon, and Kosower (ABDK) that two-(and, perhaps, higher-) loop amplitudes in pMSYM can be completely determined in terms of one-loop amplitudes [37] . This idea was inferred from studying collinear and IR singular behavior of the higher loop amplitudes. The conjecture is given in terms of normalized 2-loop amplitudes M This relation was explicitly verified for four-gluon amplitudes in [37] (see also section 7
of [38] ). Also based on collinear limits [39] , the schematic form of a relation analogous to (1.2) was proposed for higher loops [40] . Very recently, an explicit formula, analogous to (1.2), for the three-loop four-gluon amplitude was obtained and successfully verified in [41] . It is the aim of this paper to make some modest steps towards the calculation of higher loop amplitudes in pMSYM. The main motivation is to prepare the ground for future tests of the ABDK proposal. A proof of (1.2) would lead to the solution of pMSYM at two loops as a general solution to the one-loop problem can be obtained in terms of tree-level amplitudes by using quadruple cuts [34] . This is possible thanks to the cut constructibility of one-loop amplitudes in pMSYM proven in [42] and the decomposition in terms of scalar box integrals, with rational functions as coefficients, also given in [42] .
See also [30, 31, 32, 33, 35] for other techniques in pMSYM at one loop.
At two loops, a similar decomposition in terms of some given set of integrals is expected by using Passarino-Veltman or similar reduction procedures [43] . Unfortunately, the complete basis of two-loop integrals is currently unknown. However, scalar double box integrals are a natural ingredient of such a basis 1 . In this paper, we concentrate on the calculation of the coefficient of certain classes of planar scalar double box integrals.
These are the integrals that arise in scalar field theory with a massless scalar running along internal lines and with the double-box structure depicted in fig. 1 .
(a) (b) The momenta of the external legs in fig. 1 are given by the sum of the momenta of external gluons.
We propose a method for computing the coefficient of any scalar double box integral given in fig. 1a when at least one of the two boxes has two adjacent massless three-particle vertices. We also give the form of the coefficient of any double box given in fig. 1b . In order to distinguish between the double boxes in fig. 1a and in fig. 1b we refer to the former simply as "double boxes" and the latter as "split double boxes".
Our original motivation was the successful use of quadruple cuts in the calculation of one-loop N = 4 amplitudes [34] . The basic idea is that at one-loop only scalar boxes contribute [42] . A quadruple cut singles out the contribution of a given scalar box and localizes the integration over the loop momentum. The combination of these two facts 1 In fact, the four-gluon amplitude is given only in terms of scalar double boxes [44] .
allows one to calculate any coefficient in terms of the product of four tree-level amplitudes [34] . Up to a numerical factor, every one-loop box coefficient is given by where the sum is over the solutions to the delta function equations and over all particles that can propagate in the loop. A straightforward application of this idea can be made for split double boxes (see fig. 1b ). Again the idea is to cut all eight propagators, i.e., an octa-cut which localizes the two loop integrations and gives the coefficient as the product of seven tree-level amplitudes (up to a numerical factor)
Naively, one might expect that the coefficient of double boxes in fig. 1a cannot be computed in a similar manner. The reason is that there are only seven propagators and a hepta-cut does not localize the integrals over the loop momenta.
A way to avoid the remaining integration arises in an unexpected manner. In studying singularities of Feynman integrals, one computes the discontinuity of an integral across a singularity by cutting propagators. When one cuts all propagators in a Feynman diagram one is computing the discontinuity across the leading singularity of the integral. However, at two (and higher) loops one finds a surprise when some of the external legs are massless.
At two loops, if any of the two boxes in fig. 1a has at least two adjacent three-particle vertices (condition that is satisfied trivially for less than seven external gluons), then the integral has an extra propagator-like singularity beyond the naive leading singularity (LS). The discontinuity across the new leading singularity (NLS) is actually computed by an octa-cut 2 . This octa-cut precisely localizes the loop integrations and provides a straightforward computation of the coefficient as the product of six tree-level amplitudes.
Up to a numerical factor, it is given by
2 For more general double boxes, there is also an extra singularity, these are known as secondtype singularities [45] . They cannot easily be used to produce an octa-cut but they might give a generalization of it.
The only two-loop amplitude in pMSYM known in the literature is the four-gluon amplitude [44] . One reason is that very few double scalar box integrals are known explicitly [46] . In particular, to our knowledge, not all double box integrals needed for a five-gluon amplitude are known. Nevertheless, we present the computation of several five-gluon and six-gluon non-MHV scalar double box integrals as illustrations of our technique.
This paper is organized as follows. In section 2, we review pMSYM at tree-, one-, two-and three-loop levels as well as the ABDK conjecture. In section 3, we show that the four-gluon amplitude of pMSYM can be found by using hepta-cuts. Even though the number of cut propagators is less than the number of integration variables, the integrand turns out not to depend on the loop momenta and can be pulled out of the integral. In section 4, we demonstrate that a certain class of double-box configurations admit an extra propagator-type singularity. Cutting this singularity allows us to write a universal formula for many double-box coefficients. In section 5, we illustrate our technique via various examples including non-MHV amplitudes. In section 6, we discuss applications to threeand higher-loop amplitudes. In particular, we show that by studying singularities, it is possible to realize that the basis of integrals has to contain integrals with some non-trivial factors in the numerator. This is in agreement with results of [44] .
Throughout the paper, we use the following notation and conventions along with those of [1] and the spinor helicity-formalism [47, 48, 49] . A external gluon labeled by i carries momentum K i . Since K 2 i = 0, it can be written as a bispinor (K i ) aȧ = λ i a λ iȧ . Inner product of null vectors p aȧ = λ a λȧ and q aȧ = λ ′ a λ ′ȧ can be written as 2p
where λ, λ ′ = ǫ ab λ a λ ′b and [ λ, λ ′ ] = ǫȧ˙b λȧ λ ′ḃ . Other useful definitions are:
where addition of indices is always done modulo n.
Review of N = 4 Amplitudes
In this paper we consider amplitudes of gluons in N = 4 super-Yang-Mills. Each gluon carries the following information: momentum p aȧ , polarization vector ǫ aȧ and color index a. The color structure can be striped out by a color decomposition [50, 51, 52, 53] .
Here we only consider the leading color or planar part of the amplitudes. The information in momentum and polarization vectors can be encoded in terms of spinors λ, λ and the helicity of the gluon h.
Tree-Level N = 4 Amplitudes
At tree-level, the leading color approximation is exact. An amplitude is given by
(2.1)
Here we are suppressing a delta function that imposes momentum conservation.
It is convenient to denote the set of data {λ i , λ i , h i } by i h i , where h i = ± is the helicity of the i th gluon. The amplitudes on the right hand side of (2.1) are known as leading color partial amplitudes and are computed from color-ordered Feynman rules. One can study a given order A(1 h 1 , . . . , n h n ) and the rest can be obtained by application of permutations,
σ.
The partial amplitude A(1 h 1 , . . . , n h n ) can be computed using a variety of methods (see [36] for a nice review on many of the techniques developed in the 80's and 90's). More recently, two new techniques are available, namely, MHV diagrams [2] and the BCFW recursion relations [14, 15] . The latter is a set of quadratic recursion relations for on-shell physical partial amplitudes of gluons. For a recent review see [54] .
One-Loop N = 4 Amplitudes
Amplitudes of gluons at one-loop admit a color decomposition [50, 51, 52, 53, 55] with single and double trace contributions. As mentioned in the introduction we will only concentrate on the leading color partial amplitudes 3 .
One-loop amplitudes of gluons in supersymmetric theories are four-dimensional cutconstructible [42, 56] . This means that they can be completely determined by their finite branch cuts and discontinuities. N = 4 amplitudes are even more special. Reduction techniques [43] can be used to express these amplitudes in terms of scalar box integrals [42] . These are one-loop box Feynman integrals in a scalar field theory where a massless scalar runs in the loop,
where k 1 , k 2 , k 3 , k 4 are the external momenta at each vertex. They are not independent since by momentum conservation
. Note that the integral (2.2) is singular when at least one k i is a null vector. Therefore, we should specify a regularization procedure, like dimensional regularization. However, we will be considering cuts that are finite and do not depend on the regularization procedure. Since A(1, . . . , n) is colorordered, each k can only be the sum of consecutive momenta of external gluons. Moreover, since we only consider the planar contributions, we can define a given contribution by
The reduction procedure then gives for the amplitude an expansion of the form [42] A(1, . . . , n) = 1<i<j<k<m<n
where the coefficients B ijkm are rational functions of the spinor products. Since all scalar box integrals are known explicitly, the problem of computing A(1, . . . , n) is reduced to that of computing the coefficients B ijkl .
A general formula for the coefficients B ijkl was found in [34] in terms of products of tree level amplitudes. Let us review the derivation of the formula because the idea is useful in the analysis at higher loops. If we think of the scalar box integrals as an independent basis 4 of some vector space we can interpret A(1, . . . , n) as a general vector. All we need to do is to find a way to project A(1, . . . , n) along the space spanned by a given scalar box integral I. From the definition of I in (2.2) we see that each integral is uniquely determined once its four propagators are given. It is natural to think that the way to determine the coefficient B is by looking at the region of integration where all four propagators become singular. In fact, the integral obtained by cutting, i.e., by dropping the principal part of all four propagators computes the discontinuity of the given scalar box integral across a singularity which is unique to it.
The set of four equations that gives ℓ is the following , for example, has external momenta {i + 1, ..., j, ℓ 2 , ℓ 1 }.
One can also look at the same regime on the left hand side of (2.3) by considering only Feynman diagrams that posses the four propagators entering in (2.4). Summing over them one finds the following equation
where sum over J represents a sum over all possible particles in the N = 4 multiplet. The measure dµ is the same one both sides of the integrals, 6) and the tree-level amplitudes are defined as follows (see fig. 2 )
where
The integral dµ is just given by a Jacobian 1/ √ ∆. This Jacobian cancels on both sides since the integral is localized by the delta functions and the coefficient is given by [34] 
Here S is the set of solutions to the conditions imposed by the delta functions, and |S| is the number of solutions. The sum also involves a sum over all possible particles that can propagate in the loop. For further details and many examples we refer to [34] . Even though the Jacobian did not play an important role for the quadruple cut technique at one-loop, it is crucial for the two-loop analysis we carry out in section 4.1. For this reason let us write it down for future reference
Two-Loop N = 4 Amplitudes
At two loops, only the four-gluon amplitude has been computed [44] . The N = 4 calculation was the first full two-loop amplitude of gluons ever computed. The answer is given as a linear combination of double box scalar integrals with coefficients that are rational function of the spinor variables. A double box scalar integral is the analog of the one-loop scalar box integral introduced above, more explicitly,
.
This integral is UV finite but it might have IR divergences when some k's are null vectors.
Again, as in the one-loop case, one has to choose a regularization procedure but we do not do so because we only discuss finite cuts. The planar contribution to the four-gluon amplitude is [44] A 2−loop 4
This was computed by using the unitaritybased method [42, 56, 57, 58, 59] . It is very important to mention that the double box scalar integral (2.11) is known explicitly in dimensional regularization [46] .
ABDK Conjecture
As mentioned in the introduction, one of the motivations of this work is to prepare the ground for a more extensive test of the ABDK conjecture. This conjecture asserts that the planar limit of L-loop amplitudes in N = 4 SYM is determined iteratively, i.e., as a function of l-loop amplitudes with l < L.
Let us make this more precise. Here we follow [37] and [40] where the original proposal was made. Consider the function
then the ABDK conjecture states that
is a certain polynomial of degree L and independent of the helicity configuration. The explicit form of (2.14) at two loops was given in [37] in terms of the
This conjecture was explicitly checked for four-gluon amplitudes. Very recently, the form of the polynomial in (2.14) was obtained for the three-loop four-gluon amplitude in [41] .
One of the impressive predictions of the conjecture is a relation between the finite remainders which are defined at ǫ = 0. At two loops, one introduces the universal singular function C n (ǫ) (2) [60, 37] which contains the infrared singularities and does not depend on the helicity configuration since it is normalized by the tree-level amplitude. Defining the finite remainder as
one can write a finite (as ǫ → 0 ) analog of (2.15) as follows [37] F (2)
Recall that at one-loop F
(1)
n (0) can have higher polylogarithms. This means that very non-trivial cancellations must happen. These cancellations were found to occur for n = 4 between terms coming from the two integrals in (2.12) and involved many polylogarithmic identities [37] . In the recent paper [41] , an impressive formula for the all loop finite remainder of MHV amplitudes was also presented.
The formula is given in a kind of generating function structure
where a L , γ K and C are to be determined. These are known up to the order needed to obtain the three-loop term.
Four-Gluon Two-Loop Amplitudes and Hepta-Cuts
In this section, we consider hepta-cuts of the two-loop four-gluon leading partial amplitude. This section can be viewed as a warm-up section where we introduce relevant notation and do some sample calculations which will be used in the rest of the paper. It is enough to consider A 2−loop 4
with different helicity assignments can be obtained from this one by Ward identities. The leading partial amplitude was first computed in [44] . As reviewed in section 2.3, the amplitude can be presented as a linear combination of two scalar double-box integrals (see fig. 1a )
where K i are the four external gluon momenta, with rational coefficients. All external momenta are assumed to be outgoing. The integral (3.1) has seven propagators, hence it is natural to consider hepta-cuts. It turns out that the coefficients can easily be found from hepta-cuts when the loop momenta are analytically continued to signature (− − ++) or complexified. In the present case, there are two independent coefficients as well as two independent hepta-cuts. We refer to them as the s-channel cut and the t-channel cut. The corresponding coefficients will be denoted as c s and c t . Let us start with the cut in the s-channel. In this case, there are six different helicity configurations. For all of them, only gluons can propagate in both loops. A sample helicity configuration is shown in fig. 3 . In this paper, for simplicity, we depict tree level amplitudes as points. Since all propagator are cut, there is no need to indicate a cut by a dash line and we choose to omit them 5 . The rational coefficient c s is then given by
where by A
we denote tree amplitudes at each of the six vertices, the integration measure dµ is given by
and in the numerator we sum over the product of the six tree level amplitudes corresponding to a given helicity configuration. The factor i 7 comes from the seven propagators. It seems that since the number of delta functions is less than the number of integration variables, the integral does not localize and one integration has to be performed. However, it turns out that the integrand can be simplified in such a way that the dependence on the loop momenta drops out and we are left with the integral of the measure which cancels out according to eq. (3.3).
In the discussion of one-loop amplitudes in section 2.2, we mentioned that the momentum ℓ has to be complexified in order to find solutions to the four equations from the cut propagators. Making ℓ complex also has as a byproduct the fact that three-particle vertices on-shell do not have to vanish. Tree-level three-gluon amplitudes with helicities (− − +) or (+ + −) are given respectively by [61, 62] A tree 3
In Minkowski space, λ p and λ p are related to each other as λ p = ±λ p . This means that if p · q = 0, which follows from momentum conservation at the vertex, then both λ p λ q = 0 and [ λ p λ q ] = 0. This implies that both amplitudes in (3.4) vanish. If we complexify the momenta, then the equation p · q = 0 has two independent solutions. We have that either
That is either λ p and λ q are proportional or λ p and λ q are proportional. Also note that momentum conservation implies that p · q = p · r = q · r = 0. This means that either three λ's are proportional or all three λ's are proportional.
Therefore, for every (+ + −) tree level amplitude we choose all λ's to be proportional.
Similarly, for every (− − +) tree level amplitude we choose all three λ's to be proportional.
Explicit calculations, considered for one of the helicity configurations in some detail below, show that every helicity configuration gives the same contribution equal to
where A tree 4
is the tree-level four-gluon amplitude
and
Note that the integral in (3.5) cancels against the denominator in (3.2). The coefficient 6 in the numerator will also cancel. The reason is the following. In the denominator in (3.2), we have to sum over all different solutions to the delta-function conditions. It is easy to realize that in this particular case the number of different solutions equals the number of helicity configurations. Thus, each term in the numerator in (3.2) picks one of the six solutions whereas in the denominator we sum over all the six solutions. As a result, we obtain
This coincides with the corresponding coefficient found in [44] .
Let us consider the helicity configuration shown in fig. 3 in some detail. The analysis of the remaining five configurations is completely analogous. Consider the integrand as the product of six tree-level amplitudes
Next, simplify this expression by using momentum conservation. For example, the product of [p 1 , p] and p 1 , 2 can be simplified as follows
Then the product of the first four factors in (3.9) becomes
After using momentum conservation along the lines of eq. (3.10), one finds
Note that this expression does not depend on the loop momenta and, thus, can be pulled out of the integration. conditions. Overall, we have six improved helicity configurations, each corresponding to an independent solution to the delta-function conditions. All paired up configurations involve fermions and scalars running in one of the loops and summation over the two configurations in a given pair provides a significant simplification. The coefficient c t is given by Since each improved configuration corresponds to a solution to the delta-function equations, the factor 6 cancels out. As a result we obtain
This coincides with the corresponding coefficient from [44] . As an example, let us consider the two helicity configurations shown in fig. 4 . Note that for both double boxes the choices whether all λ's or all λ's are proportional are exactly the same at every vertex. Therefore, it is the sum of these two diagrams that corresponds to one of the six improved helicity configurations. Both double boxes in fig. 4 involve gluons, fermions and scalars running in one of the loops and only gluons running in the remaining loop. The necessary tree level amplitudes are given by
where a = 0 for gluons, a = 1 for fermions and a = 2 for scalars. After summation over the two configurations, we obtain
By using momentum conservation along the lines of eq. (3.10), we can simplify (3.18) to obtain −A tree st 2 . The integral of the measure factors out and cancels against the denominator in (3.13) to give (3.15).
Thus, we find that the coefficients of the four-gluon amplitude double boxes can be calculated by studying hepta-cuts. Of course, this is not enough to claim that this is the full answer. One still has either to prove that the answer has all the correct discontinuities across all branch cuts, which was done in [44] , or to prove that the basis of integrals is given entirely by double boxes. Unfortunately, the basis of integrals is not known at two loops.
For four gluons, even though the number of integration variables is greater that the number of the delta-functions in a hepta-cut, no integration has to be performed. We find that this is not the case if the number of external gluons is greater than four. We will see in the next section that already in the case of five-gluon amplitude, the product of the corresponding tree-level amplitudes does depend on the loop momenta and cannot be pulled out of the integral.
Octa-Cuts of Two-Loop Amplitudes
In the introduction we distinguished between two different kinds of double box scalar integrals. In the first class, the two boxes share a propagator while in the second class they only share a vertex, see fig. 1a and fig. 1b respectively. In this section, we show how one can use octa-cuts to compute the coefficient of a certain subset of the first class and the coefficients of all integrals of the second class, which we called split double boxes.
Double-Box Scalar Integrals
Let us start with the double boxes that have seven propagators. We will show that when at least one of the two boxes has two adjacent three particle vertices then there is an extra propagator-like singularity that can be cut. This produces one more deltafunction which together with the hepta-cut of the previous section completely localizes the cut integral. Even though we concentrate only on the planar configurations, exactly the same logic can be applied for non-planar configurations as well. Consider an arbitrary double-box configuration shown in fig. 5 . The corresponding hepta-cut integral is Let us perform, for example, the p-integration. The integral over p,
is localized and the answer is [34]
The crucial observation is that when
5)
I acquires an extra propagator-type singularity, i.e. 1/(k 1 + k 6 + q) 2 . We can formally cut the new propagator by replacing it with a delta-function creating an eighth cut. In other words, after performing the p-integration we end up with following integral over q (we omit the overall q-independent factor) Note that the momentum flowing along the uncut line is exactly q + k 1 + k 6 . From this viewpoint it is natural to cut the remaining propagator. Note that this procedure localizes the q-integral. Then it is straightforward to write down the coefficients of such double-box integrals. They are given by
where the sum over h is the sum over all helicity configurations, the sums over J 1 and J 2
are the sums over all particles that can propagate in both loops, S is the set of all solutions for the internal lines of the following system of equations
and |S| is the number of solutions. This expression is analogous to the formula for one-loop coefficients of box integrals [34] . It is important to remember that this discussion is valid
Otherwise, the singularity 1/(k 1 + k 6 + q) 2 will be replaced by a more complicated one which is not propagator-like, as it can easily be seen from eq. (4.4). The conditions given in (4.9) are satisfied if a given box has two adjacent three-particle vertices. It easy to check that this is always the case if the number of gluons is less than seven. This means that every double-box coefficient of any gluon amplitude with less than seven external lines is given by eq. (4.7). The first double-box configuration where eq. (4.9) is not satisfied appears when the number of external gluons is seven and is shown in fig. 7 . 
If p 1 vanishes, the spinor λ p 1 cannot be uniquely determined. In fact, λ p 1 is not uniquely defined even for non-zero p 1 as it is defined up to rescaling. However, when p 1 = 0 the freedom in not being able to determine λ p 1 becomes much larger. One can always say that p 1 = 0 implies that λ p 1 = 0 and λ p 1 is arbitrary. This means that A(p − , p
) becomes arbitrary. Therefore, the numerator in eq. (4.7) is a discontinuous function of momenta and we have to give a prescription on how to define it as l or p 1 goes to zero.
The natural way to define is as follows. Consider first the loop with momentum p. Let A tree (4) on these solutions. We claim that this product can be simplified in such a way that it is a well-defined function when the constraint (k 1 + k 6 + q) 2 = 0 is imposed. Below, we will present a few examples that show that this is indeed the case.
Having found the product A 
A Subtlety
There is one important subtlety we have to discuss before presenting examples. Consider a helicity configuration with two adjacent three-particle vertices, one of which depends only on internal momenta and the other one depends on both internal and external momenta, with both vertices having the same helicity configuration. For example, consider the configuration in fig. 8 . This configuration is non-zero only if λ q ∼ λ 1 . Therefore, the integral over p
(4.11) must be proportional to δ((k 1 + q) 2 ). In other words, the integral lacks the extra propagator-like singularity and therefore it does not contribute to the octa-cut.
Split Double-Box Scalar Integrals
When the number of gluons is greater than five, a new kind of double box integrals can appear. These were introduced in the introduction in fig. 1b . For the reader's convenience we depict them again in fig. 9 . This double box scalar integrals are such that the two boxes only share a vertex and not a propagator. This is why we will call them split double boxes. The coefficients of the split double boxes are easy to compute. Since they have eight propagators and the two loop integrations are completely independent, it is straightforward to consider two quadruple cuts or equivalently an honest octa-cut. This produces eight delta-functions that localize both loop integrals. Let us see this in more detail. The quadruple cut in the q-loop fixes q to be a solution to the following equations,
while a quadruple cut in the p-loop fixes p to be a solution of
Each set of equations has two solutions. The coefficient of a split double-box scalar integral is then given by
where we have used that the number of solutions is 4.
Examples
In this section we consider several examples of coefficients calculated by using octacuts. All of them are coefficients of scalar double boxes with seven propagators. We consider four-, five-and six-gluon amplitudes. For six-gluons we study a non-MHV amplitude with adjacent negative helicity gluons.
Four-Gluon Amplitude
As a first example, let us reconsider the octa-cut of the four-gluon amplitude from section 3 in the s-channel. The octa cut in the t-channel is analogous. The additional propagator that we cut is fig. 3 for notation. Taking into account the subtlety in the previous section, there are only four helicity configurations that contribute.
All of them give the same answer −A In this case, there are two helicity configurations to consider. Both of them can be shown to give the same contribution. We will consider the helicity configuration shown in fig.   11 . Note that only gluons can propagate in both loops. The product of the six three level amplitudes is as follows Now we impose the delta-function δ((K 1 + q) 2 ). It has two possible solutions, λ q ∼ λ 1 or λ q ∼ λ 1 . It is not hard to show that if we choose λ q ∼ λ 1 then the expression in eq. (5.2) vanishes. Therefore, the only relevant solution is λ q ∼ λ 1 . Then the octa-cut becomes 
There are two helicity configurations to consider. However, one of them gives the zero answer. The non-zero contribution comes from the helicity configuration shown in fig. 13. Note that only gluons can propagate in both loops. The number of solutions to eqs. (4.8) can be shown to be two. Then the corresponding coefficient is given by
Using momentum conservation and the fact that λ q ∼ λ 4 , eq (5.6) can be simplified to give
where u = (K 3 + K 4 ) 2 . All other double-box coefficients of the five-gluon amplitude can be found by analogous calculations. In this case, there is only one helicity configuration contributing to the octa-cut. It is shown in fig. 17 . Only gluons can propagate in both loops. The system of equations (4.8) has two solutions. Therefore, the corresponding double-box coefficient is given by
Six-Gluon Amplitude
q 2 4 4 5 5 q 1 .
(5.14)
By using the first seven equations in (4.8), we can simplify (5.14) as follows
where where
All other double-box coefficients can be computed by similar calculations.
The calculation of the coefficient c
2 can be generalized for the configuration considered in fig. 18 . There is only one helicity configuration that contributes to the octa-cut. A similar calculation gives 20) where s and t are given by eq. (5.16) and u is given by
Application to Three and Higher Loops
Ideas presented in the previous sections can be applied to higher loops. Let us consider triple-box configurations appearing at three-loops. The configurations we consider are obtained from the double-box configurations at two loops by adding three new propagators to form the third loop. This way, one can produce a ladder diagram as in fig. 19a or a double box with a pentagon as in fig. 19b . We make a slight abuse of terminology and call both kind of configurations triple-box diagrams.
(b) (a) Every triple box contains ten propagators 6 . Therefore it is natural to start with a tenparticle cut. This produces ten delta-functions whereas the number of integration variables is twelve. However, it follows from our previous analysis that box configurations develop additional propagator-like singularities which can also be cut (replaced by their discontinuities). A triple-box configuration naturally admits two extra propagator-type singularities which allows us to consider twelve-particle cuts. Therefore, it should be possible to completely localize all momentum integrals, at least if the number of gluons is not big enough.
Then it is straightforward to write down an expression for the coefficients analogous to 6 Of course, for a large enough number of gluons one can also find split triple boxes which can have 11 or 12 propagators.
eq. (4.7). Obviously, a similar analysis can be performed at any number of loops. It is interesting to mention that at three loops, some of the triple boxes that enter in the calculation of the four-gluon amplitude are not scalar triple boxes [44] . This means that the numerator in the integrand is not one but an inverse propagator. See fig. 20 . This was also found to be the case for higher loops [44] .
We start our discussion with the analysis of ladder diagrams which allow a straightforward generalization of our discussion in section 4. Then we turn to the triple-box integrals where one of the "boxes" has five propagators and see how our analysis of singularities realizes the phenomenon mentioned above. For concreteness, we will concentrate on the four-gluon amplitude though an identical analysis can be performed regardless of the number of external lines. Let us start with the triple-box configuration in fig. 21 . In this case, there are twelve helicity configurations, all giving the same answer. It is enough to consider one of them, for example the one in fig. 22 . Similarly to the two-loop case, it is enough to consider the ten-particle cut because the measure integral factors out and cancels. Then the corresponding coefficient is given by is the tree level four-gluon amplitude with the external lines (K
In eq. (6.1), we used that the product of the six tree amplitudes was computed in section 3. Using momentum conservation, eq. (6.1) can be simplified to give
This coincides with the answer from [44] . Now let us consider the configuration in fig. 23 . Note that one of the loops has five propagator and this is why we said that the configuration was a double box with a pentagon. This is the basic reason why the integral is not a scalar box integral as we will see below.
Let us start our analysis with the measure integral and perform the integration over p and q. After integrating over p we obtain (up to the momenta-independent factor) 1 (K 2 + q) 2 (K 2 + l) 2 .
(6.4)
Then we cut the "propagator" 1/(K 2 + q) 2 . This gives the fourth delta-function which allows us to perform the integration over q. This produces (again, we ignore the momentaindependent factors) one more factor of (K 2 + l) 2 in the denominator. Thus, we obtain that this triple box configuration has a singularity 1 (K 2 + l) 2 2 .
(6.5)
Let us calculate the coefficient of this triple box integral by calculating the product of the eight-gluon amplitudes. For every non-vanishing helicity configuration, the product of the six gluon amplitudes on the right is the coefficient c t of the two-loop four-gluon amplitude studied in section 3 and it is given by −A Therefore, in attempting to calculate the integral of the product of the tree amplitudes, the singularity (6.5) cancels out. This means that the coefficient of the triple box in fig. 23 is zero. This is in agreement with results of [44] . On the other hand, the amplitude A ′tree 4 has a factor 1 2 l = [2 l] (K 2 + l) 2 .
(6.8)
This indicates that the actual diagram has a singularity 1 (K 2 +l) 2 . In order to account for this singularity we have to introduce a slightly modified triple box integral schematically shown in fig. 20 . The basic idea is to multiply in the numerator by (K 2 + l) 2 in order to cancel one of the power in (6.5) and get the correct 1/(K 2 + l) 2 singular behavior. This shows that this triple-box integral should be in the list of scalar integrals of the amplitude under study. This is completely consistent with results of [44] . Now we can cut this "propagator" and completely localize the integral. Note that the combination
is not necessarily zero. This just means that we have to choose the solution
The coefficient of this modified box is now straightforward to compute. The answer is This coincides with the corresponding coefficient from [44] . All other coefficients of this amplitude can be found in a similar manner. Even though we concentrated on the fourgluon amplitude, we could do the same analysis for any amplitude admitting additional cuts.
As mentioned in the introduction, the basis of integral for N = 4 L-loop amplitudes of gluons is not known except for L = 1. One can imagine that a more systematic analysis along the lines of the discussion presented in this section might give a way of obtaining such a basis. It would be interesting to explore this direction in the future.
Conclusion
In this paper, we observed that certain scalar double-box integrals which appear at two loops in N = 4 Yang-Mills theory possess hidden singularities. Such singularities are manifest after a quadruple cut is performed on one of the boxes. The end result is that one can straightforwardly calculate the coefficient of such integrals by an octa-cut which localizes the cut integral. The form of the coefficient is universal and it is given by the product of a certain number of tree-level amplitudes. This technique is applicable to all scalar double box integrals in amplitudes with less than seven external gluons and to a large subset of double box integrals for seven or more external gluons. The basis of integrals at two loops is not known in general. For four gluons the amplitude is given in terms of only scalar double-box integrals. If it turns out that the basis of integrals for five-and six-gluon amplitudes is also given by scalar double box integrals, then our technique gives a simple way of computing all those amplitudes for any helicity configuration. We argued that this technique can be applied to higher loop amplitudes. At three loops we found that our technique can be easily extended to compute the coefficient of ladder diagrams.
For the class of diagrams with a pentagon, our method shows that the coefficient of scalar integrals is zero and naturally gives the modified integral for which the coefficient does not vanish.
